It is very crucial to know that whether the quantum state generated in the experiment is entangled or not. In the literature, this topic was studied extensively and researchers proposed different approaches for the detection of mixed bipartite entangled state in arbitrary dimension. Proceeding in this line of research, we also propose three different criteria for the detection of mixed bipartite negative partial transpose (NPT) entangled state in arbitrary dimension. Our criteria is based on the method of structural physical approximation (SPA) of partial transposition (PT). We have shown that the proposed criteria for the detection of NPT entangled state can be realized experimentally. Two of the proposed criteria is given in terms of the concurrence of the given state in arbitrary dimension so it is essential to find out the concurrence. Thus, we provide new lower and upper bound of concurrence of the quantum state under investigation in terms of average fidelity of two quantum states and hence these bounds can be realized experimentally. Moreover, we have shown how to perform SPA map on qutrit-qubit system and then explicitly calculated the matrix elements of the density matrix describing the SPA-PT of the qutrit-qubit system. We then illustrate our criteria for the detection of entanglement by considering a class of qubit-qubit system and a class of qutrit-qubit system.
I. INTRODUCTION
Entanglement [1] is a basic ingredient that enhanced the power of quantum computation [2] . This feature of quantum mechanics also plays a very important role in the burgeoning field of quantum information theory. Many applications such as quantum teleportation [3] , superdense coding [4] , remote state preparation [5] , quantum cryptography [6] etc., which are now a reality, based on the idea of quantum entanglement. Therefore, it is very important to probe whether the given quantum state is entangled or not? This question is important in the sense that when an experimental set up aims to create an entangled state, it produces a mixed state due to noisy environment but it is not guaranteed that the produced state is entangled. So we need some detection criteria by which we can determine whether the state produced in an experiment is entangled or not. This type of problem is known as entanglement detection problem [7] . Several criteria and many methods had already been proposed for solving the entanglement detection problem but yet partial result has ben obtained ( [8] - [18] ). The first and simplest criteria to detect entanglement is the PT criterion introduced by Peres [19] and later Horodecki's [20] proved that it is necessary and sufficient condition for 2 ⊗ 2 and 2 ⊗ 3 quantum system. The PT criterion will become only necessary for d 1 ⊗ d 2 (d 1 , d 2 ≥ 3) dimensional quantum system due to the existence of positive partial transpose entangled states (PPTES) in higher dimensional system. Since PPTES are not detected by PT criterion so some other methods are developed to detect PPTES [21] . The other weakness of the PT criterion is that it cannot be implemented in the laboratory and this is due to the fact that it is a positive but not a completely positive map. We can overcome this defect by us- * Electronic address: mkumari˙phd2k18@dtu.ac.in, satyabrata@dtu.ac.in ing structural physical approximation of partial transposition (SPA-PT) map. In SPA-PT method, a positive maps can be approximated by completely positive maps and thus transform non-physical partial transposition operations to a physical operations [22] . Let us consider a d 1 ⊗ d 2 dimensional quantum system and performing the partial transposition operation on the second subsystem. Since the partial transposition map id ⊗ T , where T denotes the positive transposition map and id represent the identity operator, is not a physical map so we consider the approximated map id ⊗ T , which is a completely positive map corresponds to a quantum channel that can be experimentally implementable [23] . The approximated map can be expressed as [22] id
where q * denote the minimum value of q for which id ⊗ T become a positive semi-definite operator. Since id ⊗ T is a completely positive map so when it operate on a density matrix ρ in , it gives another density matrix ρ out at the output, i.e.
( id ⊗ T )ρ in = ρ out . The minimum eigenvalue of the density matrix ρ out is important in the sense that there exist a critical value of the minimum eigenvalue λ min ( ρ out ) below which the state described by the density matrix ρ in is entangled. For instance, 2 ⊗ 2 dimensional quantum state is entangled when the minimum eigenvalue λ min ( ρ out ) is less than 2 9 . So the analysis of minimum eigenvalue of ρ out is needed. It has been found that SPA-PT method not only detect entanglement but also can be applied to estimate the optimal singlet fraction, entanglement negativity and concurrence of the two-qubit density matrix in an experiment [24, 25] . H. T. Lim et.al. have studied the SPA-PT of the qutrit and shown that it can be implemented in the laboratory with linear optical elements [26] . Since SPA-PT method works well in two qubit system and can be implemented in an experiment so it is important to ask if we can use this method to detect entanglement in higher dimensional system. The answer is in affirmative. In this work, we consider d 1 ⊗ d 2 dimensional quantum system and derived three different criteria for the detection of negative partial transpose entangled state (NPTES) employing SPA-PT method. It is known that the average fidelity between two quantum states can be realized in experiment [27] . Thus, we have expressed our proposed criteria to detect NPTES, in terms of the average fidelity between two quantum states and hence the detection criteria can be implemented in an experiment. Among three criteria, two of them is given in terms of the concurrence of the given state so it is essential to find out the concurrence. As far as we know, there does not exist any procedure to calculate the actual value of the concurrence of the given state in arbitrary dimension but in the literature, there exist lower bound of the concurrence [28] . In the present work also, we have provided a lower and upper bound of the concurrence that can be realized in an experiment. Secondly, for d ⊗ d dimensional quantum system, the minimum eigen [22] . Since id ⊗ T is not a physical operation so its minimum eigenvalue cannot be determined in experiment. Thus, our idea here is to determine the density matrix of SPA-PT of any arbitrary dimensional quantum system and hence once density matrix is in our possession, one can calculate the minimum eigenvalue that can be used in the detection of entanglement. Specifically, we have operated SPA map on qutrit-qubit system and then explicitly constructed the output density matrix describing the SPA-PT of qutrit-qubit system. This paper is organized as follows: In Sec. II, we have stated some preliminary result that will be needed in the later section. In Sec. III, we have derived the criteria for the detection of NPTES in arbitrary dimensional quantum system. In Sec. IV, we have shown how to apply our proposed detection criteria by considering qubit-qubit and qutrit-qubit quantum system. We conclude in Sec. V.
II. PRELIMINARY RESULTS
Result-1: For any two hermitian (n,n) matrices A and B, we have
Proof: It is known that for any hermitian (n,n) matrices A and B, the following inequality holds [29] 
In the LHS of inequality (3), if we replacing all eigenvalues of A by its minimum eigenvalue and in the RHS, if we replace all eigenvalues of A by its maximum, then the inequality (3) reduces to (2) . Hence proved. Result-2: If W represent the witness operator that detect the entangled quantum state described by the density operator ρ AB and C(ρ AB ) denote the concurrence of the state ρ AB then the lower bound of concurrence is given by [30] 
where ( * ) denotes the complex conjugate, then the structural physical approximation of partial transpose of ρ 12 is given by [24] In this section, we derive the criteria for the detection of bipartite negative partial transpose entangled states in arbitrary dimension employing the method of structural physical approximation (SPA) of partial transposition of any arbitrary dimensional quantum state.
A. Lower and Upper bound of the minimum eigenvalue of SPA of partial transpose of a bipartite mixed quantum state in arbitrary dimension
Let us consider a bipartite mixed quantum state in arbitrary dimension described by the density operator ρ AB . Ifρ AB denote the SPA of the partial transpose of ρ AB and Q be any positive semi-definite operator such that T r(Q) = 1 then the quantity T r[(ρ AB + Q TB )ρ AB ], where T B denote the partial transposition with respect to the system B, may be expressed as
Similarly, applying result-1 with A = ρ TB AB and B = Q, we obtain
Adding (9) and (10), we get
where
Therefore, the above inequality gives the upper bound on minimum eigenvalue of ρ TB AB . A bipartite density operator ρ AB in any arbitrary dimension, represent an NPT entangled state if and only if λ min (ρ TB AB ) is negative. Further, if we assume that NPT entangled state described by the density operator ρ AB detected by the witness operator W = Q TB then we have
Again, inequality (11) can be re-expressed as
Using Result-3 in (13) and W = Q TB , the inequality (13) reduces to
Combining inequalities (12) and (14), we get the lower bound (L) and upper bound (U) of minimum eigenvalue of the SPA of partial transpose of ρ TB AB and they are given by
We note that the lower bound given by L can be negative also but since the minimum eigenvalue λ min (ρ AB ) of the positive semi-definite operatorρ AB is always positive so the inequality (15) can be re-expressed as
where L and U are given by (16) and (17) respectively. The entanglement of a bipartite mixed quantum state ρ AB in d 1 ⊗ d 2 dimension can be detected by computing the value of L. To see this, let us consider the second term of L, which is given by T r(W ρ AB ) = T r(Q TB ρ AB ). Since the witness operator has been constructed by taking the partial transpose of a positive semi-definite operator so it is not physically realizable and so we would like to approximate the witness operator W in such a way that it would become a completely positive operator. Therefore, if W be the approximation of the witness operator W then it can be expressed as
The value of the parameter p should be chosen in such a way that W become a positive semi-definite operator. Further, we note that T r( W ) = 1. Thus, the operator W represent a quantum state. Criterion-1: A bipartite d 1 ⊗ d 2 dimensional quantum state described by the density operator ρ AB represent a NPT entangled state iff
Proof: Using (19), the relation between T r(W ρ) and T r( W ρ) can be established as
Since W denote the witness operator that detect the NPT entangled state ρ AB so T r(W ρ AB ) < 0 and hence proved the required criterion.
Since W have all the properties of a quantum state so T r( W ρ AB ) can be considered same as the average fidelity between two mixed quantum state W and ρ AB and therefore, it is given by [27] T r( W ρ AB ) = F avg ( W , ρ AB )
It is also known that the average fidelity F avg ( W , ρ AB ) can be estimated experimentally by Hong-Ou-Mandel interferometry and thus equation (20) can be re-expressed as
Criterion-2: The bipartite state ρ AB of any arbitrary dimension is NPT entangled iff
where C(ρ AB ) denote the concurrence of the density operator ρ AB . The lower and upper bound of C(ρ AB ) is given by
Proof: Let us first recall the lower bound L of the minimum eigenvalue λ min (ρ AB ) and using Result-2 in (16), we get
The RHS of the inequality (26) may take non-negative or negative value. Consider the case when T r[ρ AB ρ AB ] − C(ρ AB ) is non-negative i.e.
Then using (26), we can re-write (12) as
Moreover, using Result-2, (21) and (22), we get
Combining (27) and (29), we get
Hence proved. Since the average fidelity F avg ( W , ρ AB ) and F avg (ρ AB ,ρ AB ) can be estimated experimentally so the lower bound and upper bound of C(ρ AB ) can be estimated experimentally. Criterion-3: The bipartite state ρ AB of any arbitrary dimension is NPT entangled iff
where U ent = 1 2 + F avg (ρ AB ,ρ AB ) − C(ρ AB ) and C(ρ AB ) is given by
Proof: Let us recall the upper bound U of the minimum eigenvalue λ min (ρ AB ) and using Result-2 in (17), we get
If the quantity T r[ρ AB ρ AB ] − C(ρ AB ) is non-negative then U ≥ 1 2 . Also if the state is separable i.e. if C(ρ AB ) = 0 then the value of U again comes out to be greater than 1 2 . So it would be difficult to detect the entangled state when T r[ρ AB ρ AB ] − C(ρ AB ) ≥ 0. If we now consider the case when T r[ρ AB ρ AB ] − C(ρ AB ) < 0, which indeed may be the case, then we can obtain U ent < 1 2 . Thus, we can infer when U ent < 1 2 for C(ρ AB ) > T r[ρ AB ρ AB ] = F avg (ρ AB ,ρ AB ), the state is NPT entangled state. Hence the criterion.
IV. ILLUSTRATIONS
In this section, we will verify our entanglement detection criteria given in the previous section by taking the example of a class of qubit-qubit system and qutrit-qubit system.
A. Qubit-Qubit system
Let us consider a large class of two qubit system described by the density operator ρ AB given as [32] ρ (1)
where ( * ) denotes the complex conjugate. The two-qubit density matrix of the form (34) has been studied by many authors [33] - [35] as these form of density marix having high entanglement. In particular, Ishizaka and Hiroshima [36] have studied such density matrix and maximize the entanglement for a fixed set of eigenvalues with one of the eigenvalue is zero. The density operator ρ (1) AB is positive semi-definite only when
The partial transpose of ρ (1) AB is given by
Therefore, the state ρ 
The concurrence of the state ρ (1) AB is given by
Let us now assume that if ρ (1) AB is an entangled state then it is detected by the witness operator W (1) . The witness operator W (1) can be expressed as
where k = −f |f | . Since it is not possible to implement partial transposition operation experimentally so we use Result-4 to obtain the SPA-PT of ρ (1) AB and W (1) . SPA-PT of ρ 
Also, the average fidelities between two pair of mixed quantum state (ρ
AB ) and (W (1) , ρ
AB ) respectively, are given by
Now we are in a position to discuss criterion-1, criterion-2 and criterion-3 for a large class of qubit-qubit system describd by the density operator ρ
AB . Criterion-1 for the density operator ρ (45)
The satisfaction of the above criterion is given in Table-I. Next, let us illustrate criterion-2 for the density operator ρ
AB . Criterion-2 can be re-written for ρ (1) AB as
where C(ρ AB ) is given by
AB )(47)
We can now verify (46) and (47) by taking different values of the parameters of the state ρ AB ) and the criterion-2 can be verified by Table-II and Table-III dephasing. Further, it has been observed that all dimension of Hilbert space studied so far does not exhibit simultaneously two important properties such as time-invariant entanglement and freezing dynamics. The qutrit-qubit system given in the example below is important in the sense that it exhibit timeinvariant entanglement as well as freezing dynamics of entanglement under collective dephasing [37, 38] .
Let us now consider an example of a qutrit-qubit quantum state described by the density operator ρ 
It has been found that the state ρ
AB is entangled for 0 ≤ α ≤ 1 [37] . This result can be verified by the witness operator method. The witness operator that detect the quantum state ρ (2) AB as an entangled state is given by
.
The operator W (2) has been constructed based on the idea of partial transposition but since it is not practically implementable operation so we use our criteria for the detection of entanglement, which can be implemented in the laboratory.
To implement our first criteria, we will use the SPA-PT of W (2) , which is given bỹ
where r = 1 4(1+|κ| 2 ) . Therefore, criterion-1 for the density operator ρ (2) AB reduces to
AB ) is given by
Since the parameters α and r lying in [0, 1] so F avg (W (2) , ρ
AB ) is always less than zero in this range of parameters. Hence the state ρ (2) AB is entangled for 0 ≤ α ≤ 1. Criterion-2 not only detect the entanglement but also provide the lower and upper bound of the measure of entanglement characterized by concurrence. Therefore, our next task is to calculate the lower and upper bound of the concurrence of the state described by the density operator ρ (2) AB . To achieve our goal, we use (63,64-76) to obtain the SPA-PT of ρ (2) AB , which can be expressed as The lower and upper bound of the concurrence C(ρ
AB , ρ
AB )(55)
where F avg (ρ (2) AB , ρ
AB ) is given by To summarize, we have obtained the criteria for the detection of NPT entangled state in arbitrary dimensional Hilbert space. The first criterion detect NPT entangled state iff the average fidelity of two quantum states described by the density matrix ρ AB and SPA-PT of the witness operator W is less than a quantity R. The quantity R depends on (i) the dimension of the composite Hilbert space and (ii) the parameter that makes the SPA-PT of the witness operator positive semidefinite. The second criterion tells us that the given state is NPT entangled iff minimum eigenvalue of the SPA-PT of the given state is greater equal to the difference between the concurrence of the given state and the average fidelity between the given state and its SPA-PT. Since we are not able to find out the exact value of the concurrence of given state so we have derived the lower and upper bound of the concurrence. The third criterion also dealt with the detection of entanglement. Moreover, in particular, we perform SPA map on qutrit-qubit system and then explicitly calculated the elements of the SPA-PT of the qutrit-qubit system and this result will be useful to find the minimum eigenvalue of SPA-PT of the qutrit-qubit system.
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VII. APPENDIX:SPA-PT OF AN ARBITRARY QUTRIT-QUBIT QUANTUM STATE
In this section, we will obtain the SPA-PT of general density matrix of qutrit-qubit quantum state. To achieve our goal, let us consider an arbitrary qutrit-qubit quantum state described by the density operator in the computational basis as 
